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T
he optical properties of metallic
nanostructures are a subject of con-
siderable fundamental and techno-

logical importance. The excitation spectrum

of a metallic nanostructure is determined

by its plasmon resonances, which are collec-

tive oscillations of the conduction elec-

trons. The energies of plasmon resonances

can depend strongly on shape and compo-

sition of the nanostructure.1–7 Examples of

highly tunable plasmonic nanoparticles are

metallic nanoshells8 and nanorods.9,10 The

tunability of the plasmon resonances of me-

tallic nanoparticles can be exploited to po-

sition the optical resonances at specific

wavelength regions of interest and has led

to a wide range of applications across many

disciplines in science and engineering. In

addition to their fundamental importance,

plasmonic nanostructures are receiving a

great deal of attention for their potential

applications in areas such as subwave-

length waveguiding,11,12 substrates for

surface-enhanced spectroscopies,13–16

sensing, biotechnology, and

biomedicine.17–20 The development of

novel synthesis methods for nanostructure

fabrication21–24 and new theoretical ap-

proaches for the understanding of their op-

tical properties25–30 is making the field of

nanophotonics an area of intense current

interest.

Among various metallic nanostructures,

a nanosized aperture, or nanohole, in a thin

metal film has received particular attention

since the discovery of the extraordinary op-

tical transmission (EOT) phenomenon in

nanohole arrays.31–33 Near-field optical ex-

periments have provided clues toward un-

derstanding this effect,34–36 but the under-

lying physical mechanisms for enhanced

transmission are not yet fully clarified.37–39

In order to fully understand the proper-
ties of complex systems such as nanohole
arrays and single nanoholes of complex
shape, one must first understand the most
basic system, a single circular aperture in a
thin metallic film. The optical properties of a
single nanohole have been previously stud-
ied experimentally by other groups. The
measured elastic scattering spectra have re-
vealed that a hole plasmon resonance (HPR)
is tuned to longer wavelengths by increas-
ing the diameter of the hole.40,41 Near-field
scanning optical microscopy (NSOM) ex-
periments have shown that the hole acts
as a scattering center for surface plasmon
polaritons (SPPs).35,41 In the optical re-
sponse of isolated holes, it has also been
shown that the HPR wavelength is sensi-
tive to its local dielectric environment and
that the nanohole is useful for chemical and
biological sensing applications.40,42,43 Sev-
eral studies of the optical properties of indi-
vidual nanoholes in metallic films have
been performed using numerical ap-
proaches with results that agree well with
experimental findings. Finite-difference
time-domain (FDTD) simulations have been
used to elucidate the origins of fringe pat-
terns in films arising from the near field of a
single nanohole,35,44 and the dependence
of hole size and local dielectric environment
on the light transmission and field
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ABSTRACT Subwavelength holes are one of the most important structures in nanophotonics, providing a

useful geometry for nanosensing and giving rise to extraordinary transmission when patterned in arrays. Here

we theoretically and experimentally examine the optical properties of an individual nanohole in a thin metallic

film. In contrast to localized plasmonic nanostructures with their own characteristic resonances, nanoholes provide

a site for excitation of the underlying thin film surface plasmons. We show that both hole diameter and film

thickness determine the energy of the optical resonance. A theoretical dispersion curve was obtained and verified

using spectral measurements of individual nanoholes.
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enhancement of nanohole systems has been shown.45

Boundary element method (BEM) has also been shown

to reproduce the red shifts of HPRs with increasing hole

diameter using transmission calculations.41 Other

methods such as the multiple multipole (MMP) tech-

nique46 and analytic calculations based on a normal-

mode-decomposition technique47 have shown that

SPPs strongly enhance the light scattering with sub-

wavelength apertures in a metallic thin film. However,

a clear picture of the microscopic origin of the HPR and

the strong dependence of its energy on hole size has

not yet emerged.

In this paper, we provide a simple and physically in-

tuitive picture of the HPR in a thin metallic film. In the

thin film limit, the plasmons become symmetric and an-

tisymmetric linear combinations of propagating sur-

face plasmons localized on the upper and lower sur-

faces of the metal. In this case, the plasmon dispersion

depends strongly on the thickness of the film.48 Using

the plasmon hybridization (PH) method, we show that

the dispersion relations of the plasmon modes of a thin

metallic film with a hole are the same as those of a con-

tinuous film. When the hole is present, the film plas-

mons can induce charges along the surface of the hole.

Plasmon modes of corresponding spatial wavelengths

can thus induce a dipole moment across the hole. These

film plasmons, exposed by the presence of the hole, be-

come optically active and can be directly excited in con-

trast to the surface plasmon waves of a continuous film,

which require evanescent excitation.48 It is these film

plasmons rather than a localized hole-induced plasmon

resonance that constitutes the HPR. Since the energies

of thin film plasmons also depend on the thickness of

the film, the energy of the HPR will also depend on film

thickness. We verify this by measuring the scattering

spectra of holes of fixed diameter in metallic films of

varying thicknesses. To our knowledge, the film thick-

ness dependence of the HPR has not been previously

examined either experimentally or theoretically.

RESULTS AND DISCUSSION
To understand the physical mechanism of the HPR,

we start by analyzing the plasmonic properties and op-

tical absorption of a hole in a thin perfect metallic film

in a vacuum, using a simple approach that neglects re-

tardation effects. This analysis provides a simple and in-

tuitive explanation of the microscopic origin of the

HPR. Specifically, it predicts that for a fixed hole diam-

eter, the energy of the HPR can be tuned by changing

the thickness of the metallic film. The insight obtained

from this simple model can then be used to analyze the

optical properties of a more realistic system, that is, a

nanosized hole in a metallic film deposited on a sub-

strate, modeled using realistic dielectric data and in-

cluding retardation effects. Finally, our experimental

study shows that the HPR can be tuned by changing

the film thickness while keeping the hole diameter

fixed.

In the Methods section, we use the PH method49 to

derive the film plasmon dispersion relation and an ex-

pression for the optical spectra of a hole of diameter D

in a thin metallic film of thickness T. We show that the

dispersion of film plasmons is unaffected by the pres-

ence of an individual hole. In an electrostatic approach

such as the PH method, the optical properties of a

nanostructure are scale invariant and can only depend

on the structural parameters of the system as the aspect

ratio D/T. In Figure 1, we show the calculated absorp-

tion spectra for incident light perpendicular to the film

for several different aspect ratios D/T. For a given aspect

ratio, the spectrum is asymmetric and consists of a

strong absorption feature at low energies, the HPR,

and several weaker features at higher energies. The fig-

ure reveals a clear red shift of the HPR with increasing

hole diameter.

In the PH method, the plasmon modes of the film

are obtained as linear combinations of the surface plas-

mons associated with the upper and lower surfaces.

The dispersion relation for the film plasmons is

ωsp(kb, () )ωS√1 ( exp(-|kb|T) (1)

where k� is the two-dimensional propagation wavevec-

tor of the surface plasmon modes.50 The � sign de-

notes the bonding (B) film plasmon with symmetric

alignment of surface charges on the top and bottom

surfaces. The � sign refers to the antibonding (AB) film

plasmon with an opposite alignment of the surface

charges. The charge alignment of the A and AB modes

is illustrated in panels a and d in Figure 2. The surface

plasmon frequency is defined as �S � (2�n0e2/me)

where n0 is the conduction electron density and me is

the effective mass of a conduction electron.

The physical mechanism for the excitation of the

HPR is illustrated in Figure 2. In the dipole approxima-
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Figure 1. Dipolar optical absorption spectra of the hole/film
system calculated by the plasmon hybridization (PH)
method for different aspect ratios, that is, the ratio of the di-
ameter of the hole and the film thickness (D/T) probed by
parallel polarization of incident light. The spectra are nor-
malized by hole area. The aspect ratios are listed, in the key
to the right, with color and line style corresponding to the
respective spectrum. In the top inset, the geometrical struc-
ture for our calculation is displayed.
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tion, the coupling of light with surface plasmons is pro-
portional to the square of the dipole moment of the
plasmons. For this reason, light polarized parallel to the
surface can couple only to B film plasmons. (Perpen-
dicularly polarized light can couple to AB plasmons as
shown in Figure 2f.) On a continuous metallic surface,
the plasmons possess no dipole moment. However, in
the presence of a hole, the film plasmons can obtain a
dipole moment due to the localized surface charges in-
duced along the rim of the hole.

The optimal coupling between light polarized paral-
lel to the surface occurs for film plasmons of half-
wavelength equal to the diameter of the hole,

ksp
opt ≈ 0.83π/D (2)

The numerical factor 0.83 is due to the transformation
of the wavevector of a plane wave in Cartesian coordi-
nates into cylindrical coordinates (diffraction) and is
equal to the ratio of the wavevector for which a sine
wave is maximum and the wavevector for which a cy-
lindrical Bessel function of order one is maximum. The
microscopic nature of the HPR in the electrostatic limit
is thus a superposition of film plasmons centered at the
wavevector given by eq 2.

As a result, we can expect a strong HPR at an en-
ergy

ωHPR )ωsp(ksp
opt) )ωS�1 - exp(-0.83

πT
D

) (3)

This expression is in perfect agreement with the re-
sults in Figure 1 and shows clearly that the HPR will
red shift both with increasing hole radius and with de-
creasing film thickness. While the red shift of the HPR
with hole diameter is a simple geometric effect, the red
shift with decreasing film thickness can be understood
using simple electrostatics. For decreasing film thick-

ness, the attractive electrostatic interaction be-
tween the surface charges on the opposite
sides of the hole increases.

Larger wavevector surface plasmons can
also induce localized dipole moments across
the hole as illustrated in Figure 2c. The largest
dipole moments are induced for plasmon
wavelengths satisfying ksp � cN(2N � 1)�/D
where N is an arbitrary integer and cN are the
corresponding diffraction coefficients. These
higher order plasmons give rise to absorption
features at higher energies. However, the in-
tensities of these features are strongly sup-
pressed since the effective interaction with the
incident field decays as the square of the di-
pole moment of the film plasmon eq 16, that
is, as 1/k3. Nonetheless, the spectra in Figure 1
clearly reveal weak absorption features at
larger energies than the HPR.

A more realistic system consisting of a nanosized

hole in a thin metallic film on top of a glass substrate

is schematically illustrated in the inset of Figure 3b. To

determine the energy of the HPR, we need to calculate

the film plasmon dispersion relations including retarda-

tion effects and a realistic dielectric description of the

materials.

For a metallic film on a substrate, the dispersion re-

lations of the film plasmons can be calculated directly

from the Maxwell equations in a planar geometry,51,52

( ε2

ε1(ω)
+

γ2(ω)

γ1(ω))( ε0

ε1(ω)
+

γ0(ω)

γ1(ω))e2γ1(ω)T )

( ε2

ε1(ω)
-

γ2(ω)

γ1(ω))( ε0

ε1(ω)
-

γ0(ω)

γ1(ω)) (4)

where �i (i � 0, 1, 2) is the dielectric function in

each region, that is, vacuum, Au, and glass, respec-

tively. This expression includes retardation effects.

To model the gold film �1(�), we use the Johnson

and Christy (JC) data.53 For the glass substrate, we

use a constant dielectric permittivity of �2 � 2.25.

The quantities �i are the perpendicular components

of the wavevector and have the form �i
2 � k2 � �i(�/

c)2. The dispersion relation can be obtained analyti-

cally by solving eq 4; the imaginary part of �1 does

not affect this solution as long as surface plasmon

oscillations remain weakly damped.51 Figure 3a

shows the dispersion relations of metallic films of

several thicknesses supported by a glass substrate.

To emphasize that these plasmons are calculated us-

ing a fully retarded approach, we refer to the ener-

gies of these modes as surface plasmon polariton

modes (SPP) with energies �spp(k). As in the electro-

static limit, for each wavevector there are two SPP

modes corresponding to a symmetric and antisym-

metric alignment of the surface charges on the two

Figure 2. Charge configuration for bonding (B) and antibonding (AB)
film plasmon modes and the mechanism by which a nanohole allows
coupling of light to these modes: (a) symmetric charge modulation of
B mode; (b) optimal coupling between a B film plasmon mode and
light of parallel polarization; (c) coupling between a higher order B
film plasmon mode and light of parallel polarization; (d) antisymmet-
ric charge modulation of AB mode; (e) no coupling between any AB
film plasmon mode and light of parallel polarization; (f) optimal cou-
pling between an AB film plasmon mode and light of perpendicular
polarization. Orange arrows represent the polarization direction of the
incident light, and green arrows indicate the dipole moments result-
ing from the plasmon induced charges on the surfaces of the hole.
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surfaces of the film. For SPP modes in this geom-

etry, the modes are classified as “bound” if the

modes lie below the light line for glass and “leaky”

if the modes lie below the light line for vacuum but

above the light line for the glass substrate. For the

small wavevectors shown in Figure 3a, the antibond-

ing modes are “leaky”, that is, bound at the metal/

vacuum interface but radiative at the metal/glass

substrate interface. For larger wavevectors, these an-

tibonding modes lie below the glass light line and

are therefore bound at both interfaces.41,54

For a realistic description of the interaction of light

with a nanosized hole, we also need to include the pen-

etration of light into the metal around the hole (Figure

3b, inset). This penetration increases the effective size of

the hole and alters the resonance condition of eq 2 ob-
tained using the nonretarded PH method. A rigorous
calculation of � would require taking into account both
quantum and cavity quantum electrodynamic effects.
As a simple estimate of this effect, we assume that the
penetration depth � is equal to the conventional skin
depth. For a planar geometry, the skin depth of a metal
is equal to

δ(ω) )
√2c
ω

(√εR(ω)2 + εI(ω)2 - εR(ω))-1⁄2
(5)

where �R(�) (�I(�)) is the real (imaginary) part of the di-
electric function, � is the angular frequency of the light,
and c is the speed of light. The skin depth, �(�), for Au,
calculated using JC data, is plotted as a function of
wavelength in Figure 3b. The graph shows that in the
near-infrared (NIR) light can penetrate the Au by as
much as 20�35 nm. With the penetration depth in-
cluded, the optimal coupling occurs for film SPP modes
of wavevectors centered around

kspp
opt ) 0.83

π
D + 2δ(ωHPR)

(6)

where �HPR � �spp(kspp
opt). This equation predicts that

the energy of the HPR can be directly obtained from the
dispersion relation for the film SPP modes. We will re-
fer to the parameters (kspp

opt, �HPR) as the HPR param-
eters. Using this approach, we can now analyze results
from a recent study of the effect of hole diameter, D, on
the HPR of a hole in a Au film of thickness T � 20 nm.41

The energies of this HPR measurements, along with
our prediction for the SPP wavevector eq 6, are shown
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Figure 3. (a) Dispersion relations calculated using eq 4 for a
nanohole in a thin metal film supported by a glass substrate
for different film thicknesses: T � 20 nm (red), 30 nm (green),
40 nm (blue), and 80 nm (violet). The upper branches are
the antibonding (AB) film plasmon modes, and the lower
branches are the bonding (B) modes. Solid lines are bound
modes, and dashed lines are leaky modes. The light lines for
vacuum � � ck and for glass � � ck/nglass are included as a
guide to the eye. The HPR parameters deduced from the
scattering spectra in Figure 4 are shown in symbols: (Œ) D
� 220 nm; (}) D � 150 nm. The red stars denote the HPR pa-
rameters deduced from the experimental data for different
D (scale on top of the figure) in ref 41. (b) Skin depth of Au
(�(�)) as a function of wavelength (�) calculated using eq 5
and JC data. The inset shows an illustration of the penetra-
tion �(�) of the incident light. (c) Energies of HPR calculated
using retarded (solid lines) and electrostatic (dashed lines)
film plasmon dispersions as a function of hole diameter D
and film thicknesses T � 20 nm (red), 30 nm (green), and 80
nm (violet).
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Figure 4. Experimental measurement of optical scattering
for different hole/film systems: (a) individual nanoholes with
diameter 220 nm and film thicknesses 80, 40, and 20 nm
with corresponding peak positions at �R � 897, 912, and
1020 � 54.6 nm; (b) individual nanoholes with diameter 150
nm and film thicknesses 40, 30, and 20 nm with correspond-
ing peak positions at �R � 755, 815, and 900 nm. Except
for the T � 20 nm and D � 220 nm hole, the standard devia-
tions of �R are less than 1.5%.
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in Figure 3a. The HPR parameters follow the dispersion

curve well and provide support for our simple model for

the excitation mechanism of the HPR. The deviations

from the experimental data may be due to material pa-

rameters or our oversimplified expression for the pen-

etration depth � or because the fabricated holes are not

perfectly cylindrical. In this previous study, they also di-

rectly measured a wavelength 	spp 
 285 nm of the

SPP mode excited by 633 nm laser light for a D � 60

nm diameter hole. This result is in good agreement with

eq 6, which predicts kspp
opt 
 2.2 � 107 m�1 correspond-

ing to a wavelength of 280 nm.

In Figure 3c, we show the energy of the HPR as

a function of hole diameter and film thickness. The

figure directly shows the tunability of the HPR with

these parameters. For comparison, we also show the

results calculated using film plasmon dispersions de-

termined using an electrostatic approach neglect-

ing retardation. The effect of retardation is a red shift

of the long wavelength film plasmons. This red shift

results in a stronger dispersion of the film plasmon

and thus a stronger dependence of the energy of the

HPR on hole diameter. Retardation effects also de-

crease the coupling of the plasmon-induced charges

on the opposite surfaces of the film leading to a re-

duced film thickness dependence of the long wave-

length bonding film plasmon modes. This is why the

retarded calculation gives a weaker thickness depen-

dence of the HPR compared with the nonretarded

calculation.

Figure 4 shows characteristic scattering spectra of

individual holes of 220 and 150 nm diameter in Au

films of varying thickness. These data clearly illustrate

the predicted red shift of the HPR with decreasing film

thickness. For D � 220 nm, the HPR shifts from 897 to

1020 nm when the thickness of the film changes from

80 to 20 nm. For D � 150 nm, the HPR red shifts from

755 to 900 nm as the thickness of the film is decreased

from 40 to 20 nm. This figure also clearly shows the pre-

viously observed red shift of the HPR with hole diam-

eter for constant film thickness.40 As noted previously,

the HPR spectra are significantly broader than indi-

vidual nanoparticle spectra.40,41 We believe that this is

because a distribution of film SPP modes of wavevec-

tors centered around the optimum film SPP wavevec-

tor kspp
opt given by eq 6 can be excited. For an individual

nanoparticle, only a distinct plasmon resonance is

excited.

The energies of the HPR shown in Figure 4 along

with the corresponding wavevectors obtained using

eq 6 are shown in the dispersion relations in Figure 3a.

The experimental data follow the theoretical predic-

tions very well. For instance, not only does the HPR red

shift with decreasing film thickness, but the magni-

tude of the shift is also smaller at higher energies, ex-

actly as predicted by the dispersion relations. We also

see the weak shoulders in the shorter wavelength

(higher energy) region of the scattering spectra, which

we believe may be due to excitation of higher order B

modes. The experimental geometry also allows for the

excitation of “leaky” antibonding film SPP modes, which

should appear around 450 nm. These would be strongly

damped due to interband transitions, which contrib-

ute below 500 nm. We believe that the small peak

around 450 nm is most likely caused by interband

transitions.

The present approach could in principle be ex-

tended to individual nanoholes of arbitrary shapes and

to periodic hole arrays. For a single noncylindrical hole,

our finding that the plasmons of the film were unaf-

fected by the presence of the hole would still apply.

However, the hole would introduce couplings between

SPP modes of different azimuthal symmetries m lead-

ing to excitations of SPP modes centered around sev-

eral different wavevectors rather than around a single

wavevector such as the simple resonance condition eq

6. For a periodic array of holes, the film SPP dispersion

would no longer be unaffected by the holes but would

exhibit bandgaps and other features characteristic of

periodic structures. The description of such effects and

their influence on the electromagnetic properties of

hole arrays is better handled using numerical ap-

proaches such as the finite-difference time-domain or

finite element methods.

CONCLUSIONS

Using the plasmon hybridization approach, we

have presented a simple physical explanation for

the experimentally observed resonance in the opti-

cal spectra of nanosized holes in thin metallic films.

When the hole is present, the film plasmons induce

charges on the surfaces of the hole. Film plasmons of

certain wavelengths that depend on the diameter

of the hole can induce a large dipole moment across

the hole. The hole thus mediates a coupling be-

tween these specific film plasmons and an incident

electromagnetic wave. A simple expression for the

wavelength of the dipole-active film plasmons is ob-

tained. For increasing hole diameter, the wave-

length of the dipole-active film plasmons increases

resulting in a red-shifted energy of the hole reso-

nance. Our approach provides a quantitative expla-

nation for the experimentally observed red shift of a

hole resonance as a function of hole diameter in pre-

vious experiments on films with fixed film thick-

ness. We predict a red shift of the energy of the hole

resonance with decreasing film thickness, which is

substantiated in experimental measurements on in-

dividual nanoholes.
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METHODS
Theory. In the electrostatic limit, the nanohole in a thin metal-

lic film system can be treated analytically using the plasmon hy-
bridization (PH) method.49,50 The incompressible deformations
of the electron gas in a film can be expressed in cylindrical coor-
dinates (�, 
, and z), where the origin of the coordinate system
is placed in the center of the hole with the z-axis perpendicular
to the surface. The primitive plasmons of the system are ob-
tained from the scalar potential, �

η) L2

(2π)2∑
m

∫ dk k[Ṗ(k, m, t)Jm(kF)eim�ekz +

Q̇(k, m, t)Jm(kF)eim�e-k(z+T)] (7)

where L2 is the area of the film surface, and Jm is a cylindrical
Bessel function of order m. The quantities Ṗ(k,m,t) and Q̇(k,m,t)
are the time derivatives of the primitive surface plasmon modes
amplitudes of a wavevector k and azimuthal symmetry m
associated with the upper and lower film surface. The hole does
not need to be included in the expression for � but will be
included when calculating the kinetic and electrostatic
contributions to the energy.

The Lagrangian for the primitive plasmons of the hole/film
system is diagonal in m and can be written as

Lm )∫ dk∫ dk′ [Tk,k′
1,m(Ṗ(k)Ṗ(k′) + Q̇(k)Q̇(k′)) + Tk,k′

2,m(Ṗ(k)Q̇(k′) +

Q̇(k)Ṗ(k′))] -ωS
2[Vk,k′

1,m(P(k)P(k′) + Q(k)Q(k′)) + Vk,k′
2,m(P(k)Q(k′) +

Q(k)P(k′))] (8)

The kinetic energy, Tk,k=i,m, and the interaction energy, Vk,k=i,m,
terms represent the propagation and scattering of a film
plasmon of a wavevector k into another wavevector k=,
respectively. The kinetic energy terms can be written,

Tk,k′
1,m ) δ(k - k′) + κ1(k, k′;a) + κ3(k, k′;a) (9)

Tk,k′
2,m ) κ2(k, k′;a) + κ4(k, k′;a)

where

κ1(k, k′;a) )
k′sinh((k + k′)T

2 )
(sinhkTsinhk′T)1⁄2

Jm(k, k′;a) (10)

κ2(k, k′;a) ) ekT
κ1(k, k′;a)

κ3(k, k′;a) ) ak′

k + k′κ(k, k′;a)

κ4(k, k′;a) ) ak′

k - k′κ(k, k′;a)

κ(k, k′;a) ) Jm(ka)Jm
′ (k′a)

sinh((k + k′)T
2 )

(sinhkTsinhk′T)1⁄2

where Jm
= is the derivative of the Bessel function, and

Jm(k, k′;a) )∫
0

a
dF FJm(kF)Jm(k′F) (11)

for the hole with radius a.
The total interaction energy is calculated by evaluating the

product of the electrostatic potential and the induced surface
charges �(r�) on all surfaces of the system.49 The coefficients of
the interaction energy take the form,

Vk,k′
1,m ) δ(k - k′) - γ0(k, k′;a) - γ0(k′, k;a) + γ1(k, k′;a) + γ3(k, k′;a)

(12)

Vk,k′
2,m )-e-kTδ(k - k′) - e-k′Tγ0(k, k′;a) + e-kTγ0(k′, k;a) -

γ2(k, k′;a) + γ3(k, k′;a)

where

γ0(k, k′;a) )
√1 - e-2kT

√1 - e-2k′T
k′

Jm
(k, k′;a) (13)

γ1
(k, k′;a)) k′∫

0

∞
dpJm

(p, k′;a)Jm(k, p;a)

(1 + e-(k′+k)T)- e-pT(e-kT + e-k′T)

√(1 - e-2kT)(1 - e-2k′T)
γ2

(k, k′;a)) k′∫
0

∞
dpJm

(p, k′;a)Jm(k, p;a)

e-pT(1 + e-(k′+k)T)- (e-kT + e-k′T)

√(1 - e-2kT)(1 - e-2k′T)

γ3
(k, k′;a)) ak′

(1 - e-k′T)Jm
′ (k′a)

√(1 - e-2kT)(1 - e-2k′T)
[(1 - e-2kT)Jm(ka)-

k∫
0

∞
dpJm(pa)Jm(k, p;a)(1 - e-kT - e-pT - e-(p+k)T)]

In the absence of the hole, only the delta functions �(k � k=)
remain in eqs 9 and 12 and the Lagrangian becomes diagonal in
k and k=.

To solve for the plasmon modes, the degrees of freedom
P(k,m,t) and Q(k,m,t) defined in eq 7 are discretized in k-space.
The Lagrangian is then converted to a quadratic form, which can
be solved by application of the Euler–Lagrange equations. The
calculated dispersion relations for the hole/film system take the
form of eq 1 and are unaffected by the hole.

However, the presence of the hole has a pronounced effect
on the optical spectra because an incident light wave can couple
to the dipolar component of the surface charges induced by
the plasmon modes around the hole. The interaction of an inci-
dent multipolar external field and plasmons of the nanohole sys-
tem takes the form49

VI
m )∫ dSE0(t)rlYlm(Ω)σ(rb) (14)

where E0(t) is the time-dependent electric field, and Ylm(�) are
spherical harmonics. In the dipolar limit for parallel polarization,
one only needs to consider l � 1, and m � �1. The surface
integral (dipole moment) of eq 14 is calculated in the same way
as for the kinetic and potential energy calculation and results
in

VI
(1 )∫ dkD(k)(P(k, ( 1) + Q(k, ( 1)) (15)

where the dipolar couplings to the primitive film plasmons are

D(k) ) Ca2(1 - e-kT)(J2(ka) + J1
′ (ka)) (16)

and C is a normalization constant. The frequency-dependent
dipolar polarizability is given by

R(ω) )∫ dSrYl)1,m
/ (Ω)σ(rb) (17)

and the optical absorption spectrum is obtained by taking the
imaginary part of the polarizability as �(�) � (�/c)Im[�(� � i�)],
where the broadening parameter � is proportional to the
imaginary part of the dielectric function of the metal. The
probability for excitation of a plasmon mode is proportional to
the square of its dipole moment, D(k).55 For large k, the dipole
moment D(k) vanishes as 1/k1.5 resulting in an effective incident
light�plasmon coupling, which decreases as 1/k3. To calculate
the optical absorption, the interaction term eq 15 is expressed in
our discrete basis and added to the Lagrangian, which is then
solved using matrix inversion.49

Experiments. The method for experimentally fabricating nano-
holes is explained in detail elsewhere.40 Briefly, polystyrene
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spheres of a chosen diameter (desired diameter of nanoholes)
are dispersed in a submonolayer onto a polydiallyldimethylam-
monium chloride (PDDA) functionalized glass slide. A Au layer of
chosen thickness (here 20, 30, 40, and 80 nm) is evaporated
onto the slide. The polystyrene spheres are then removed from
the surface by tape-stripping, leaving behind a random distribu-
tion of nanoholes in the Au film. Scattering spectra were ob-
tained for individual nanoholes using dark-field microscopy.40 A
nanohole sample is brought into the focus of a 100� reflection
dark-field objective (Zeiss). The image of the nanohole (a point
source of light) is focused onto the slit of one of two imaging
spectrometers (Acton, MicroSpec 2150i) selected by a beam
splitter. One spectrometer is coupled to a CCD (Princeton Instru-
ments, PhotonMax) for measurements at visible wavelengths,
while the other spectrometer is coupled to a 1-D InGaAs array
(Princeton Instruments, OMA V) for NIR measurements. Once the
image of the nanohole is positioned in the slit of one of the spec-
trometers, a grating is shifted into place for spectral measure-
ments. NIR and visible spectra were spliced during data process-
ing. The spectra were corrected for the instrument’s spectral
efficiency using a white calibration standard (Edmund Optics),
and a background spectrum of the Au surface, in the vicinity of
the nanohole, was subtracted from each spectrum. Film thick-
nesses measured by atomic force microscopy (Nanonics
MV2000) were found to agree closely with thicknesses mea-
sured during evaporation (Sharon Vacuum e-beam evaporator).
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